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Abstract
Let U ⊂ R2 be an open subset and let f :U → f (U) ⊂ R2 be a homeomorphism. Let M =
M1 ∪ · · · ∪Mr ⊂ U be a disjoint union of discs that isolates the invariant compactum K . The aim of
this paper is to study the dynamics of f in K and to use the fixed point index to detect, in a simple
and geometric way, the existence of periodic orbits on which f follows a determined pattern. Our
method allows us to compute the fixed point index of every iteration of f in a neighborhood of the
periodic orbits following a given itinerary in classical and important semidynamical systems with
chaotic dynamics.
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1. Introduction
There exists a wide bibliography about the Conley index of an isolated invariant set
for discrete (semi)dynamical systems (see [8,13–15,17,19], for example). There is also a
considerable literature dedicated to describe methods to obtain sharper information than the
classical theory provides or to construct versions of the theory to be applied to more general
situations (see, for instance, [9,10,21,22] for their relation with the present paper). More
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precisely, in [22], Szymczak introduces a Conley index for isolated invariant compacta
that admit a decomposition as disjoint union of finitely many compact sets. This index can
detect chaos by showing the existence of a semiconjugacy between the given map and the
shift of a finite number of symbols (see [23]). In many cases in the literature, the detection
of chaos using the Conley index is based on the fixed point theory because the Lefschetz
number can be computed using index pairs (see [12] or [7]).
In this paper we deal with planar semidynamical systems. In this particular case, the
authors (see [18] and [20]) using Conley index ideas, developed methods to compute
the fixed point index of every iteration of an arbitrary planar local homeomorphism, in
a neighborhood of an isolated fixed point q , that is an isolated invariant set, and to study
the structure of the stable/unstable branches in a neighborhood of q . The key tool for
this construction is the notion of generalized filtration pair that is based on the notion of
filtration pair introduced by Franks and Richeson in [8]. The main result obtained by the
authors in [18] extends in a simple and elementary way the main theorem of Le Calvez and
Yoccoz in [4].
Let U ⊂ R2 be an open subset and let f :U → f (U) ⊂ R2 be a homeomorphism.
A function σ :Z → X is said to be a solution to f through x in N ⊂ R2 if f (σ(i)) =
σ(i + 1) for all i ∈ Z, σ(0) = x and σ(i) ∈ N for all i ∈ Z. The invariant part of N ,
Inv(N,f ), is defined as the set of all x ∈ N that admit a solution to f through x in N , i.e.,
the set of all x ∈ N such that there is a full orbit γ such that x ∈ γ ⊂ N .
A compact set S ⊂ X is invariant if f (S) = S. A compact invariant set S is isolated
with respect to f if there exists a compact neighborhood N of S such that Inv(N,f ) = S.
The neighborhood N is called an isolating neighborhood of S.
If S ⊂ X ∈ ANR is an invariant compactum, iX(f,S) will denote the fixed point index
of f in a small enough neighborhood of S. The reader is referred to the text of [3,6,16] for
information about the fixed point index theory.
A compact set N is called an isolating block if
f (N) ∩N ∩ f−1(N) ⊂ int(N).
We consider the exit set of N to be defined as
N− = {x ∈ N : f (x) /∈ int(N)}.
Given A ⊂ B ⊂ N , cl(A), clB(A), int(A), intB(A), ∂(A) and ∂B(A) will denote the
closure of A, the closure of A in B , the interior of A, the interior of A in B , the boundary
of A and the boundary of A in B , respectively.
One of the main notions in this paper is the notion of filtration pair.
Definition 1 (See [8]). Let S be an isolated invariant set and let L ⊂ N be a compact pair
contained in the interior of the domain of f . The pair (N,L) is called a filtration pair for
S provided N and L are each the closure of their interiors and
(1) cl(N \L) is an isolating neighborhood of S,
(2) L is a neighborhood of N− in N and
(3) f (L)∩ cl(N \ L) = ∅.
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One easy way to construct filtration pairs is to consider an isolating block N and then
to choose a small enough compact neighborhood L of N−. The Conley index of S can be
defined using filtration pairs as index pairs (see [8]).
Let U ⊂ R2 be an open subset and let f :U → f (U) ⊂ R2 be a homeomorphism. In
this paper we are interested in detecting periodic orbits in a compact invariant set isolated
by a disjoint union of finitely many discs. Let M ⊂ U be an isolating neighborhood that
decomposes into a finite disjoint union of discs M = M1 ∪ · · ·∪Mr . Let K = Inv(M,f ) ⊂
int(M) be the compact invariant set isolated by M .
In a first step we will show that, in the above situation, there exists an isolating block
N such that K = Inv(N,f ), that decomposes into a disjoint union of finitely many discs
N = N1 ∪ · · · ∪Nn (Proposition 1). Then, we define an itinerary as a map τ : {1, . . . , p} →
{1, . . . , n}, with p ∈ N, which determines a cycle of length p, {Nτ(1),Nτ(2), . . . ,Nτ(p)}.
We say that a periodic point of period p, q ∈ Nτ(1) of f in K , follows the itinerary τ if
f k(q) ∈ Nτ(k+1) for k ∈ {1, . . . , p − 1}.
The aim of this paper is to provide techniques to study the dynamics of f in K and,
using the fixed point index theory, to detect the periodic orbits of f in K following a
given itinerary τ . Moreover, in some cases containing classical and important discrete
dynamical systems it is also possible to compute the fixed point index of every iteration
of f in small neighborhoods of the detected periodic points (Theorem 1). The knowledge
not only of the value of the fixed point index of the map but also of the values of the
indices of its iterations provides important information about the local dynamical behavior
of the map in a neighborhood of the periodic points. Indeed, a nontrivial fixed point index
guarantees the existence of fixed points and the indices of the iterations allow us to obtain
local information about the structure of the stable and unstable branches around the fixed
point (see [20]). Since we are interested mainly in finding periodic orbits, our results can
be also applied to nonfinite decompositions of invariant compacta (see [10], for instance).
Our article is related with [24] providing in some cases similar results in a simple and
geometric way (Remark 4).
In order to present the main ideas of our constructions let us begin with a classical and
simple example.
Example 1. Let U ⊂ R2 be an open subset containing [0,1] × [0,1] and f :U → f (U) ⊂
R
2 be the homeomorphism generating the Smale horseshoe. Let N1 and N2 be discs as in
Fig. 1.
It is easy to check that N = N1 ∪N2 is an isolating block. It is well known that there is
an isolated invariant compactum K ⊂ N1 ∪N2 on which f has chaotic behavior. However
the Conley index of K is trivial. There are periodic orbits of all periods in K but the fixed
point index of every iteration of f in [0,1] × [0,1] is trivial. Then, the fixed point index
of f p , computed in [0,1] × [0,1], does not give information about the existence of fixed
points or periodic orbits because the sum of all local degrees is trivial. One way to solve
this problem is to adapt the techniques of the Conley index and the fixed point index to
look for orbits that follow a given pattern. For example, if one wants to show the existence
of fixed points in N1 (respectively N2) we just need to pay attention to orbits that remain
in N1 (respectively N2).
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Fig. 2.
Take a small neighborhood L11 of N−1 (respectively L22 of N−2 ) (see Fig. 2(a)).
The subset L11 (respectively L22) can be chosen as union of discs L11 = L111 ∪ L211
(respectively L22 = L122 ∪ L222). Now consider N1/∼ the quotient space obtained by
identifying L111 to a point q1 and L
2
11 to a point q2 (respectively N2/∼ the quotient space
obtained by identifying L122 to a point q
′
1 and L
2
22 to a point q
′
2).
It is easy to check that f induces a continuous map F1 :N1/∼ → N1/∼ (respectively
F2 :N2/∼ → N2/∼).
Now we have that Fix((F1)k) = Fix((f |⋂0rk f−r (N1))k) ∪ {q1, q2} for any k ∈ N
and Fix((F2)k) = Fix((f |⋂0rk f−r (N2))k) ∪ {q ′1, q ′2}, if k ∈ N is even and Fix((F2)k) =
Fix((f |⋂
0rk f−r (N2))
k), if k ∈ N is odd.
Then,
iN1/∼(F1,N1/∼) = iR2
(
f, int(N1)
)+ 2 = 1
and
iR2
(
f, int(N1)
)= −1
(because N1/∼ is an AR, see [2], and q1 and q2 are attracting fixed points of F1).
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On the other hand,iN2/∼(F2,N2/∼) = iR2
(
f, int(N2)
)= 1
(because N2/∼ is an AR and Fix(F2) = Fix(f |N2)).
Moreover, we can compute the fixed point index of every iteration of f in neighbor-
hoods U ⊂ N1 and V ⊂ N2 of the sets of the detected fixed points. Indeed,
i
R2
(
f k,U
)= iN1/∼((F1)k,N1/∼)− 2 = −1
and
i
R2
(
f k,V
)=
{
1 − 2 if k is even,
1 if k is odd.
The same ideas can be used to detect periodic orbits of any period and to compute the
fixed point index of all iterations of f in small neighborhoods of them. Let us do it for the
period two periodic orbits. For a bigger period is analogous. All technical details will be
properly justified in the next section (see Theorem 1).
Assume we want to detect period two periodic orbits that follow the itinerary identity
τ : {1,2} → {1,2}, i.e., orbits that follow the pattern N1 → N2 → N1 (the case of
the periodic orbits that follow the pattern N2 → N1 → N2 is similar). Let L12 be a
neighborhood (union of two discs) of N−1,2 = {x ∈ N1: f (x) /∈ int(N2)} and let L21 be
a neighborhood (union of two discs) of N−2,1 = {x ∈ N2: f (x) /∈ int(N1)}. The sets L12
and L21 (see Fig. 2(b)) can be taken satisfying similar properties of that of Definition 1.
We identify each component of L12 to points a, b. Let N1/∼ be the quotient space. In
a similar way we identify each component of L21 to points c, d . Let N2/∼ be the quotient
space. It is clear that f induces the following composition of continuous maps
Fτ :N1/∼ F12−−→ N2/∼ F21−−→ N1/∼.
Note that Fτ permutes a and b, then
Fix
(
(Fτ )
k
)= Fix((f 2|⋂
0rk(f 2)−r (N1∩f−1(N2))
)k)∪ {a, b},
if k is even and
Fix
(
(Fτ )
k
)= Fix((f 2|⋂
0rk(f 2)−r (N1∩f−1(N2))
)k)
,
if k is odd.
Then, we have that, in a neighborhood U of the periodic points we are looking for,
i
R2
((
f 2
)k
,U
)=
{
1 − 2 if k is even,
1 if k is odd.
In the general case of an itinerary τ : {1,2, . . . , p} → {1,2} if V ⊂ Nτ(1) is a
neighborhood of the period p periodic points of f that follow the itinerary τ we have
that:
(a) If card(τ−1(2)) is even,
i
R2
((
f p
)k
,V
)= −1 for all k ∈ N.
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(b) If card(τ−1(2)) is odd,iR2
((
f p
)k
,V
)=
{−1 if k is even,
1 if k is odd.
Since all the above indices are nontrivial, we have that for any p and any itinerary
τ : {1,2, . . . , p} → {1,2} there exists a periodic orbit γ of period p which follows τ .
Remark 1. In Example 1, it is well known that the periodic points of a given period
are isolated. Then we have shown how to compute the local fixed point indices of every
iteration of f at q , for every periodic point q of f .
2. The construction and the main results
Proposition 1. Let K be an isolated invariant set, K = Inv(M,f ), with M an isolating
neighborhood of K and M = M1 ∪ · · · ∪ Mn a finite union of disjoint discs. Then there
exists an isolating block of K , N ⊂ M , with N a finite union of disjoint discs.
Proof. Choose an integer k0  1 such that⋂
−k0kk0
f−k(M) ⊂ int(M).
Let us consider a family {Mk}0kk0 , with Mk = Mk,1 ∪ · · · ∪ Mk,n union of n disjoint
discs for all k, such that
M0 = M, Mk,i ⊂ int(Mk+1,i),
⋂
−k0kk0
f−k(Mk0) ⊂ int(M0).
By a theorem of Kerékjártó [11] (see also [5]), we have that the intersection U1 ∩ U2
of two Jordan domains is a disjoint and countable union of Jordan domains. Then, the set⋂
−k0kk0 f
−k(int(M|k|)) is a disjoint and countable union of Jordan domains. Let us
choose the set U =⋃Ui of the connected components such that Ui ∩ K 
= ∅. Since K
is compact, U = U1 ∪ · · · ∪ Um is a finite union of Jordan domains with m  n. The set
X =⋂−k0kk0 f−k(M|k|) is an isolating block. Indeed
f−1(X)∩ X ∩ f (X)
=
⋂
−k0kk0
f−k−1(M|k|)
⋂
−k0kk0
f−k(M|k|)
⋂
−k0kk0
f−k+1(M|k|)
⊂
⋂
0kk0−1
f−k−1(M|k|)
⋂
−k0kk0
f−k(Mk0)
⋂
−k0+1k0
f−k+1(M−k)
⊂
⋂
1kk0
f−k
(
int(Mk)
)⋂
int(M0)
⋂
−k0k1
f−k(M−k) ⊂ int(X).
The set N0 = cl(U) is an isolating block because
f−1(N0)∩N0 ∩ f (N0) ⊂ int(X) ∩N0 ⊂ int(N0).
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Let us observe that N0 is a finite union of discs cl(U1)∪ · · · ∪ cl(Um) but they can have
nonempty intersection. Then, let us define Jordan domains C(Ui) ⊂ Ui for i = 1, . . . ,m,
such that C(U) =⋃mi=1 C(Ui) is a finite union of m Jordan domains with N = cl(C(U))
a finite union of m disjoint discs. If we choose the sets C(Ui) big enough such that
f−1(N0) ∩N0 ∩ f (N0) ⊂ C(U) then we have that N is an isolating block because
f−1(N)∩ N ∩ f (N) ⊂ f−1(N0)∩N0 ∩ f (N0) ⊂ int(N). 
Let K be a compact isolated invariant set and N = N1 ∪ · · · ∪ Nn be an isolating
block that is a finite union of disjoint discs such that Inv(N,f ) = K . It is clear that the
components of K have trivial shape (in this case that means that R2 \ Kα is connected for
every componentKα of K , see [1]). By a theorem of Franks and Richeson (see [8]) we have
that there exist filtration pairs (N,L) where L is a manifold that admits a decomposition
L = L1 ∪ · · · ∪Lm where every Li is a disc with a finite amount of holes.
For the next proposition we choose a filtration pair (N,L) such that L is a small enough
neighborhood of N− and such that each component Li of L is a disc with the minimum
possible number of holes and Li ∩N− 
= ∅.
Proposition 2. Let L1 be a component of L, L1 ⊂ N1 ⊂ N , such that L1 has a hole G1.
Then K1 = K ∩G1 is a nonempty set of trivial shape and if
K2 = f (K1) ⊂ N2, . . . , Ki = f (Ki−1) ⊂ Ni, . . .
where N2, . . . ,Ni . . . are the components of N which contain K2, . . . ,Ki . . . , then the set
K1 determines a repeller cycle of length r , i.e., there is r ∈ N such that
K1 = N1 ∩K, K2 = f (K1) = N2 ∩ K, . . . , Kr = f (Kr−1) = Nr ∩ K,
and
K1 = f (Kr) = N1 ∩ K
with
⋃r
i=1 Ki ⊂ K a compact isolated invariant and repeller set.
Proof. Since L has the minimum possible amount of holes, then Gi ∩K 
= ∅ for each hole
Gi of L. Let G11, . . . ,G1m be the holes of L1 ⊂ N1. Then N− ∩ L1 separates the plane
and each hole G1i is contained in a different and bounded component of R2 \ (N− ∩ L1).
In fact, if this is not true, we can construct a disc L′1 with fewer holes than L1 such that
N− ∩ L1 ⊂ L′1 ⊂ L1. Since L is a small enough neighborhood of N−, then (N,L′) with
L′ = (L \ L1) ∪ L′1 is a filtration pair (see [8, Theorem 3.6]) and L′ has fewer holes than
L.
Given a hole G1 of L1, and U1 the component of R2 \(N− ∩L1) which contains G1, we
have that f (cl(U1)) = N2, a component of N . As N is an isolating block and Li ∩N− 
= ∅
for every component Li of L, it is easy to see that there exists only one component of L,
L2, contained in N2 (with ∂(N2) ⊂ L2). Since f (K ∩ G1) = K ∩ N2, then the disc L2
has, at least, one hole G2. If we consider the component U2 of R2 \ (N− ∩ L2) which
contains G2 and repeat the last argument, it follows that there exist U1,U2, . . . ,Ur with
f (cl(Ui)) = Ni+1, f (cl(Ur)) = N1 and Ni ∩ L = Li , ∂(Ni) ⊂ Li .
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By this observation and, since f is a homeomorphism, it is easy to see that each Li has,
at most, one hole Gi .
If L1 ⊂ N1 has a hole G1, we obtain holes G2, . . . ,Gr of L2 ⊂ N2, . . . ,Lr ⊂ Nr and
K1, . . . ,Kr , with Ki = K ∩ Ni = f (Ki−1), f (Kr) = K1. Then the set K1 determines a
repeller cycle of length r . Since f r(Ki) = Ki , we have that Ki is a continuum of trivial
shape for i = 1, . . . , r . 
Corollary 1. Under the conditions of the last proposition we obtain a periodic orbit of
period r which follows the itinerary {N1, . . . ,Nr }. Moreover, every orbit of K which has a
point in N1 ∪ · · · ∪Nr , follows the itinerary
{. . . ,N1,N2, . . . ,Nr ,N1,N2, . . .}.
Remark 2. The family {L1, . . . ,Lr } of the last proposition is such that each Li has only
one hole.
Proposition 3. Let (N,L) be a filtration pair with a component N1 of N such that
N1 ∩ L = ∅. Then the set K1 = K ∩N1 has trivial shape and if
K2 = f−1(K1) ⊂ N2, . . . , Ki = f−1(Ki−1) ⊂ Ni, . . .
where N2, . . . ,Ni . . . are the components of N which contain K2, . . . ,Ki, . . . , then the set
K1 determines an attractor cycle of length r , i.e., there is r ∈ N such that
K1 = N1 ∩K, K2 = f−1(K1) = N2 ∩ K, . . . ,
Kr = f−1(Kr−1) = Nr ∩ K,
and
K1 = f−1(Kr) = N1 ∩ K
with
⋃r
i=1 Ki ⊂ K a compact isolated invariant and attractor set.
Proof. Take N1 such that N1 ∩ L = ∅. We have K1 = K ∩ N1 
= ∅. There exists N2 with
f (N2) ∩ N1 
= ∅. Then, it is easy to see that N2 ∩ L = ∅ and then f (N2) ⊂ int(N1). On
the other hand, K2 = K ∩N2 
= ∅ is such that f (K2) ⊂ K1. By repeating this argument we
obtain r ∈ N and N1, . . . ,Nr with f (Ni+1) ⊂ Ni for i = 1, . . . , r − 1, f (N1) ⊂ Nr , and
Ni ∩K 
= ∅, Ni ∩L = ∅ for every i = 1, . . . , r .
It is obvious that
f (K2) = K1, f (K3) = K2, . . . , f (Kr) = Kr−1, f (K1) = Kr.
Since f r(Ni) ⊂ Ni , the set Ki has trivial shape for i = 1, . . . , r . 
Corollary 2. Under the conditions of the last proposition, there exists a periodic orbit of
period r which follows the itinerary {N1, . . . ,Nr }. Moreover, every orbit of K which has a
point in N1 ∪ · · · ∪Nr , follows the itinerary
{. . . ,N1,N2, . . . ,Nr ,N1,N2, . . .}.
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Let U ⊂ R2 be an open subset and f :U → f (U) ⊂ R2 be a homeomorphism with
N = N1 ∪ · · · ∪ Nn ⊂ U a disjoint union of discs that is an isolating block of K , with
K ∩ Ni 
= ∅ for i = 1, . . . , n. Given an itinerary τ : {1, . . . , p} → {1, . . . , n}, let us study
the existence of periodic orbits of K which follow the itinerary
{Nτ(1), . . . ,Nτ(p)}.
Remark 3. Let us consider a filtration pair (N,L) of K such that L has a minimum amount
of holes. There are three possible cases:
Case (A). There exists a component of L, Lτ(i) ⊂ Nτ(i), with a hole Gτ(i). Then we are in
the situation of Proposition 2 and there exists a periodic orbit of K which follows
the itinerary τ if and only if f (Gτ(i)) ⊃ Gτ(i+1) for all i .
Case (B). There exists Nτ(i) such that L ∩ Nτ(i) = ∅. Then we are in the situation of
Proposition 3 and then there exists an orbit of K which follows the itinerary τ if
and only if f (Nτ(i)) ⊂ Nτ(i+1) for all i .
Case (C). None of the above.
2.1. The study of the Case (C)
We can choose a filtration pair (N,L) with L = L1 ∪ · · · ∪ Lm, disjoint union of discs
without holes, such that Li ∩ N− 
= ∅ for every i ∈ {1,2, . . . ,m}. We can suppose without
lost of generality that ∂N(Li) is a finite union of arcs for all i .
Definition 2 (Filtration cycle). Let U ⊂ R2 be an open subset and f :U → f (U) ⊂ R2 be
a homeomorphism with N = N1 ∪· · ·∪Nn ⊂ U a disjoint union of discs that is an isolating
block, and let τ : {1, . . . , p} → {1, . . . , n} be an itinerary. Let us consider the cycle
Nτ = {Nτ(1),Nτ(2), . . . ,Nτ(p)}.
We define a filtration cycle associated with τ to be sequence of pairs
(Nτ ,Lτ ) =
{
(Nτ(1),Lτ(1)τ (2)), (Nτ(2),Lτ(2)τ (3)), . . . , (Nτ(p),Lτ(p)τ(1))
}
where Lτ(i)τ (i+1) ⊂ Nτ(i) is a finite union of discs such that
(1) Perτ (Nτ(i)) = {x ∈ Nτ(i): f p(x) = x and x follows the itinerary τ } ⊂ int(Nτ(i) \
Lτ(i)τ (i+1)).
(2) f (cl(Nτ(i) \ Lτ(i)τ (i+1))) ⊂ int(Nτ(i+1)).
(3) For each disc Ljτ(i)τ (i+1) of Lτ(i)τ (i+1) we have that ∂N(L
j
τ(i)τ (i+1)) is a finite union
of arcs with
f
(
∂N
(
L
j
τ(i)τ (i+1)
))⊂ int(Lτ(i+1)τ (i+2)) and Ljτ(i)τ (i+1) ∩ N− 
= ∅.
Proposition 4. Let (N,L) be a filtration pair in the conditions of the Case (C) of Remark 3
and let τ be a fixed itinerary. Then there exists a filtration cycle (Nτ ,Lτ ) associated with τ .
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Proof. We have to construct(Nτ ,Lτ ) =
{
(Nτ(1),Lτ(1)τ (2)), (Nτ(2),Lτ(2)τ (3)), . . . , (Nτ(p),Lτ(p)τ(1))
}
satisfying the conditions (1), (2) and (3) of the last definition.
Given Nτ(i) we denote Lτ(i) = L ∩Nτ(i). Let us consider the pairs
(Nτ(1),Lτ(1)) (Nτ(2),Lτ(2)).
We are going to transform Lτ(1) into Lτ(1)τ (2). Denote by M1τ (1), . . . ,M
q
τ(1) the
connected components of Nτ(1) \ Lτ(1). The set cl(Miτ(1)) is a disc for every i = 1, . . . , q .
Let cl(M1τ (1)), . . . , cl(M
r
τ(1)) be the discs of {cl(M1τ (1)), . . . , cl(Mqτ(1))} such that
f
(
cl
(
Miτ(1)
))⊂ N \ Nτ(2) for i = 1, . . . , r.
Let us define
Lτ(1)τ (2) = Lτ(1)
r⋃
i=1
cl
(
Miτ(1)
)
.
It is easy to prove that Lτ(1)τ (2) is a finite union of disjoint discs (each component
contains, at least, one component of Lτ(1)) with Lτ(1) ⊂ Lτ(1)τ (2) ⊂ Nτ(1) and
(1) Perτ (Nτ(1)) ⊂ int(Nτ(1) \Lτ(1)τ (2)).
(2) f (cl(Nτ(1) \Lτ(1)τ (2))) ⊂ int(Nτ(2)).
(3) For each disc Ljτ(1)τ (2) of Lτ(1)τ (2) we have that ∂N(L
j
τ(1)τ (2)) is a finite union of arcs
with
f
(
∂N
(
L
j
τ(1)τ (2)
))⊂ int(Lτ(2))
and Ljτ(1)τ (2) ∩ N− 
= ∅.
If we repeat this arguments with the pair (Nτ(2),Lτ(2)), we can construct (Nτ(2),
Lτ(2)τ (3)) which follows the properties (1), (2), (3) and
(3)′ f (∂N(Ljτ(1)τ (2))) ⊂ int(Lτ(2)τ (3)) for every disc Ljτ(1)τ (2) of Lτ(1)τ (2).
Then, we obtain the sequence
(Nτ ,Lτ ) =
{
(Nτ(1),Lτ(1)τ (2)), . . . , (Nτ(p),Lτ(p)τ(1))
}
and the proof is finished. 
Given a filtration cycle
(Nτ ,Lτ ) =
{
(Nτ(1),Lτ(1)τ (2)), (Nτ(2),Lτ(2)τ (3)), . . . , (Nτ(p),Lτ(p)τ(1))
}
let us consider the spaces Nτ(i)/Lτ(i)τ (i+1) obtained by identifying to a point the set
Lτ(i)τ (i+1).
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Let f τ(i+1)τ (i+2) :Nτ(i)/Lτ(i)τ (i+1) → Nτ(i+1)/Lτ(i+1)τ (i+2) be the continuous mapτ (i)τ (i+1)
defined as
f
τ(i+1)τ (i+2)
τ (i)τ (i+1) (x) =
{[
f (x)
]
if x ∈ Nτ(i) \Lτ(i)τ (i+1),
∗ if x = ∗.
We can construct the cycle of maps
Nτ(1)/Lτ(1)τ (2)
f
τ(2)τ (3)
τ (1)τ (2)−−−−−→ Nτ(2)/Lτ(2)τ (3) → ·· ·
→ Nτ(p)/Lτ(p)τ(1)
f
τ(1)τ (2)
τ (p)τ (1)−−−−−→ Nτ(1)/Lτ(1)τ (2).
Let
∨
Nτ(i)/Lτ(i)τ (i+1) be the disjoint union∨
Nτ(i)/Lτ(i)τ (i+1) ≡ Nτ(1)/Lτ(1)τ (2) ∨ · · · ∨Nτ(p)/Lτ(p)τ(1)
and F :
∨
Nτ(i)/Lτ(i)τ (i+1) →∨Nτ(i)/Lτ(i)τ (i+1) be the continuous map defined as
F(x) = f τ(i+1)τ (i+2)τ (i)τ (i+1) (x) for x ∈ Nτ(i)/Lτ(i)τ (i+1).
Let us observe that Nτ(i)/Lτ(i)τ (i+1) has the homotopy type of a pointed union of
circles. If Lτ(i)τ (i+1) has li components, then Nτ(i)/Lτ(i)τ (i+1) has the homotopy type
of li − 1 pointed circles.
Now, if
Fτ(1) = Fp|Nτ(1)/Lτ(1)τ (2) :Nτ(1)/Lτ(1)τ (2) → Nτ(1)/Lτ(1)τ (2)
we have that Fix(Fτ(1)) is the union of the base point {∗} and the compact set Perτ (Nτ(1)).
The base point is an attractor of Fτ(1). The fixed point index of Fτ(1) in Nτ(1)/Lτ(1)τ (2) is
Λ
(
(Fτ(1))∗
)= iNτ(1)/Lτ(1)τ (2)(Fτ(1),Nτ(1)/Lτ(1)τ (2))
= iNτ(1)/Lτ(1)τ (2)(Fτ(1),∗) + iR2
(
Fτ(1),Perτ (Nτ(1))
)
.
Then we have the following proposition:
Proposition 5. With the above setting, since iNτ(1)/Lτ(1)τ (2)(Fτ(1),∗) = 1, if Λ((Fτ(1))∗) 
= 1
then there exists a periodic orbit γ of period p which follows the itinerary τ .
Example 2. Let us consider the horseshoe in Fig. 3 with N = N1 ∪ N2 an isolating block
and f :N → R2. We construct the filtration pair (N,L) in Fig. 4.
We will study the periodic orbits which follow an itinerary τ . Take, for example,
τ : {1, . . . ,6} → {1,2} given by τ = (122121), that is,
{N1,N2,N2,N1,N2,N1}.
We will construct the associated filtration cycle
(Nτ ,Lτ ) =
{
(N1,L12), (N2,L22), (N2,L21), (N1,L12), (N2,L21), (N1,L11)
}
.
The sets Lτ(i)τ (i+1) are constructed in Fig. 5.
The spaces N1/L12, N2/L22 and N2/L21 have the homotopy type of S1 and N1/L11
has the homotopy type of the pointed union of two circles.
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Given the map Fτ(1) :N1/L12 → N1/L12 let us compute the Lefschetz number
Λ((Fτ(1))∗).
The spaces Nτ(i)/Lτ(i)τ (i+1) have homology groups
H1(N1/L12) = 〈α〉, H1(N2/L22) = 〈β〉,
H1(N2/L21) = 〈γ 〉, H1(N1/L11) = 〈δ1 ⊕ δ2〉.
The morphisms(
f
τ(i+1)τ (i+2)
τ (i)τ (i+1)
)
∗ :H1(Nτ(i)/Lτ(i)τ (i+1)) → H1(Nτ(i+1)/Lτ(i+1)τ (i+2))
are characterized by
(
f 2212
)
∗(α) = β,
(
f 2122
)
∗(β) = γ,
(
f 1221
)
∗(γ ) = α,
(
f 2112
)
∗(α) = γ,(
f 1121
)
∗(γ ) = δ1 + δ2 and
(
f 1211
)
∗(δi) = α for i = 1,2.
Then, for the map (Fτ(1))∗ :H1(N1/L12) → H1(N1/L12) we have that (Fτ(1))∗(α) =
2α. Then
Λ
(
(Fτ(1))∗
)= 1 + (−1)1 tr((Fτ(1))∗)= 1 − 2 = −1.
Therefore, −1 = iN1/L12(Fτ(1),∗) + iR2(Fτ(1),Perτ (N1)) and we obtain
i
R2
(
Fτ(1),Perτ (N1)
)= −2 
= 0
and, consequently, there exists a periodic orbit of period 6 which follows the itinerary
τ = (122121).
Let us observe that the morphisms(
f 1111
)
∗ :H1(N1/L11) → H1(N1/L11)
and (
f 2222
)
∗ :H1(N2/L22) → H1(N2/L22)
are such that (f 1111 )∗(δi) = δ1 + δ2 for i = 1,2, and (f 2222 )∗(β) = β . Then it is easy to see
that for every itinerary τ we have tr((Fτ(1))∗) 
= 0. Consequently
1 + (−1)1 tr((Fτ(1))∗)= Λ((Fτ(1))∗)
= iNτ(1)/Lτ(1)τ (2)(Fτ(1),∗)+ iR2
(
Fτ(1),Perτ (Nτ(1))
)
and (−1)1 tr((Fτ(1))∗) = iR2(Fτ(1),Perτ (Nτ(1))). Therefore, for every itinerary τ there
exists a periodic orbit which follows it.
2.2. Particular case
Let U ⊂ R2 be an open subset and f :U → f (U) ⊂ R2 be a homeomorphism with N ⊂
U an isolating block of K , N disjoint union of n discs and let τ : {1, . . . , p} → {1, . . . , n}
be a fixed itinerary. If there exists a filtration cycle (Nτ ,Lτ ) such that the components
of Lτ are discs and the boundaries ∂(Nτ(i) \Lτ(i)τ (i+1)) are homeomorphic to S1, we will
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determine the existence of periodic orbits which follow the itinerary τ more precisely using
a variation of the above techniques.
Let us consider the space cl(Nτ(i) \Lτ(i)τ (i+1))/∼ determined by identifying each disc
of Lτ(i)τ (i+1) to different points pj with j = 1, . . . ,m(i) and m(i) the number of discs of
Lτ(i)τ (i+1). Let us define the continuous maps
f
τ(i+1)τ (i+2)
τ (i)τ (i+1) : cl(Nτ(i) \Lτ(i)τ (i+1))/∼ → cl(Nτ(i+1) \Lτ(i+1)τ (i+2))/∼
with f τ(i+1)τ (i+2)τ (i)τ (i+1) ([x])= [f (x)]. These maps are such that
f
τ(i+1)τ (i+2)
τ (i)τ (i+1)
({p1, . . . , pm(i)})⊂ {q1, . . . , qm(i+1)}
where {q1, . . . , qm(i+1)} is the family of points obtained by collapsing each component of
Lτ(i+1)τ (i+2) to a different point.
Since f (∂Nτ(i) (L
j
τ(i)τ (i+1))) ⊂ int(Lkτ(i+1)τ (i+2)) for certain k ∈ {1, . . . ,m(i + 1)}, then
we obtain that there exists a neighborhood U(pj ) of pj with
f
τ(i+1)τ (i+2)
τ (i)τ (i+1)
(
U(pj )
)= qk
for qk ∈ {q1, . . . , qm(i+1)}.
Let us consider the cycle of maps
cl(Nτ(1) \ Lτ(1)τ (2))/∼
f
τ(2)τ (3)
τ (1)τ (2)−−−−−→ cl(Nτ(2) \Lτ(2)τ (3))/∼ → · · ·
→ cl(Nτ(p) \Lτ(p)τ(1))/∼
f
τ(1)τ (2)
τ (p)τ (1)−−−−−→ cl(Nτ(1) \Lτ(1)τ (2))/∼
and define the map
F :
∨
cl(Nτ(i) \Lτ(i)τ (i+1))/∼ →
∨
cl(Nτ(i) \ Lτ(i)τ (i+1))/∼
as F(x)= f τ(i+1)τ (i+2)
τ (i)τ (i+1) (x) for x ∈ cl(Nτ(i) \Lτ(i)τ (i+1)).
Now take
Fτ(1) = Fp|cl(Nτ(1)\Lτ(1)τ (2))/∼ : cl(Nτ(1) \Lτ(1)τ (2))/∼ → cl(Nτ(1) \ Lτ(1)τ (2))/∼.
Then we have that
Fix(Fτ(1)) ⊂ Perτ (Nτ(1))∪ {p1, . . . , pm(1)}.
Definition 3 (See [18]). Let θ = {p′1, . . . , p′s} ⊂ {p1, . . . , pm(1)} be a subset on which Fτ(1)
acts as a permutation. If there exists an arc γ ⊂ ∂(Nτ(1) \ Lτ(1)τ (2))/∼ joining p′i , p′j ∈ θ
and such that γ ∩ θ = {p′i , p′j }, then we say that p′i and p′j are adjacent in θ .
Proposition 6. Let θ1 = {p′1, . . . , p′s} such that Fτ(1)(θ1) = θ1. If p′i , p′j are adjacent in θ1,
then their images by f τ(2)τ (3)τ (1)τ (2) , q
′
i+1 and q ′i+2, are also adjacent in θ2 = f τ(2)τ (3)τ (1)τ (2) (θ1) and
Fτ(2)(θ2) = θ2.
The proof of this result is, with minor changes, analogous to Proposition 1 of [18].
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Corollary 3. If f is orientation preserving or orientation reversing and p even, then all
the periodic orbits of Fτ(i) in {p1, . . . , pm(i)} have the same period r for all i = 1, . . . , p.
The number q of periodic orbits of Fτ(i) is the same for all i = 1, . . . , p.
If f is orientation reversing and p odd, then Fτ(i) has not more than two fixed points in
{p1, . . . , pm(i)} and the period of the periodic orbits is  2.
Theorem 1. If
(Nτ ,Lτ ) =
{
(Nτ(1),Lτ(1)τ (2)), . . . , (Nτ(p),Lτ(p)τ(1))
}
is a filtration cycle such that the components of Lτ are discs and the boundaries
∂(Nτ(i) \ Lτ(i)τ (i+1)) are homeomorphic to S1, then:
(a) If f is orientation preserving or f orientation reversing with p even, then
iR2
(
Fkτ(i),Perτ (Nτ(i))
)=
{
1 − qr if k ∈ rN,
1 if k /∈ rN,
with q the number of periodic orbits of Fτ(i) in {p1, . . . , pm(i)} and r their period.
(b) If is orientation reversing with p odd then
i
R2
(
Fkτ(i),Perτ (Nτ(i))
)=
{
1 − 2q − q ′ if k is even,
1 − q ′ if k is odd,
with q the number of periodic orbits of period 2 and q ′ the number of fixed points of
Fτ(i) in {p1, . . . , pm(i)}.
Proof. It is a consequence of Proposition 6, Corollary 3 and the facts that for every i we
have that cl(Nτ(i) \ Lτ(i)τ (i+1))/∼ is an AR (see [2]) and the periodic points of Fτ(i) in
{p1, . . . , pm(i)} are attractors. 
Remark 4. The above result can be easily applied in a geometric way to the following
situation:
Let U ⊂ R2 be an open subset and f :U ⊂ R2 → f (U) ⊂ R2 be a local homeomor-
phism with N ⊂ U an isolating block of K , N = N1 ∪· · ·∪Nn the disjoint union of n discs.
Let us consider Σn, the space of bi-infinite sequences of symbols in {1,2, . . . , n} with the
product topology. Let s :Σn → Σn be the shift map. Assume that the map σ :K → Σn,
defined as σ(x) = {σi} where σi = j ∈ {1,2, . . . , n} if f i(x) ∈ Nj , is continuous. Then,
if for every itinerary τ there exists a filtration cycle (Nτ ,Lτ ) such that the components of
Lτ are discs, the boundaries ∂(Nτ(i) \ Lτ(i)τ (i+1)) are homeomorphic to S1 and rq > 1
(q ′ 
= 1 if f reverses the orientation) we have that σ is a continuous surjection such that
σ ◦ f = s ◦ σ and for every α ∈ Σn periodic point, σ−1(α) contains periodic points with
the same period.
Example 3. Let f be the homeomorphism generating the G-horseshoe (see Fig. 6).
It is easy to check that Theorem 1 can be applied to f and that for any prime s ∈ N and
any itinerary τ : {1,2, . . . , s} → {1,2}, the integers r and q can be computed and r = 1 and
q = 2. Then,
i
R2
(
Fkτ(i),Perτ (Nτ(i))
)= −1 for every k ∈ N.
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Remark 5. Theorem 1 can be applied to study more precisely Example 2 by taking a
different isolating block for K . In fact, it is possible to find an isolating block M =
M1 ∪M2 ∪M3 with M1 ∪M2 ⊂ N1 and M3 = N2 and such that for any p and any itinerary
β : {1,2, . . . , p} → {1,2,3} with β((j + 1) mod p) ∈ {1,2} if β(j) = 2 (see Figs. 3 and 4)
there exist filtration cycles
(Nβ,Lβ) =
{
(Nβ(1),Lβ(1)β(2)), . . . , (Nβ(p),Lβ(p)β(1))
}
such that the components of Lβ are discs, the boundaries ∂(Nβ(i) \ Lβ(i)β(i+1)) are
homeomorphic to S1 and
iR2
(
Fkβ(i),Perβ(Nβ(i))
)= −1 for every k ∈ N.
The periodic orbits following the itinerary τ we detected in Example 2 decompose now
into periodic orbits following itineraries β1 and β2 such that
iR2
(
Fkβ1(i),Perβ1(Nβ1(i))
)= iR2(Fkβ2(i),Perβ2(Nβ2(i))
)= −1 for every k ∈ N.
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